Abstract-In domestic induction heating applications, the modulation technique applied to the inverter has a high influence on the acoustic noise emissions. These noise emissions must be avoided, since they may be audible and annoying to the final user. This paper analyzes the acoustic noise emissions that appear when a series half-bridge resonant inverter is operated with a phase-accumulator-based modulator. This modulation technique has the advantage of operating in the frequency domain, and it is compared with the classical pulsewidth modulator regarding the audible noise generated. The frequencies of the tones in the acoustic noise spectrum are theoretically calculated from the parameters of the phase-accumulator-based modulator. The spectral flatness measure is used to quantify the number of cases in which tones are generated by the modulation. Two techniques are applied to the phase-accumulator-based modulator, and their effect is tested. Theoretical results are experimentally verified.
I. INTRODUCTION

I
N DOMESTIC induction heating (IH) applications, the power delivered to the load is controlled by varying the operating switching frequency f sw and the duty cycle D in the middle-high output power range. Pulse density modulation (PDM) is used in the low output power range to limit the maximum f sw [1] . Assuming a series-resonant half-bridge inverter, Fig. 1 shows the schematic of an induction cooking appliance.
The bus voltage v B is a full-wave rectified mains waveform. The bus capacitor filter is designed to allow a big 100-Hz ripple (for 50-Hz ac line) in v B in order to increase the power factor (PF) and reduce the cost [2] . The inverter generates a medium-frequency (30-70 kHz) ac current that flows through the induction coil. The inductor-pan coupling is modeled as a series RL circuit. The produced alternating magnetic field generates heat in the bottom of the metal cooking pan due to induced eddy current losses. The complementary gate signals c H and c L are usually generated digitally with programmable dead time [3] .
A variable-frequency pulsewidth modulator (PWM) can be digitally generated in several ways, as reported in the literature. It can be implemented using a counter and a comparator, as in on-chip timer peripherals available in microcontrollers and digital signal processors (DSPs), or using a phase accumulator and a comparator [4] . The latter has several advantages as pointed out in [4] , and its hardware complexity is not bigger than that of the former. One advantage of the phase-accumulator-based PWM (PAB-PWM) is that it operates in the frequency domain, i.e., the output frequency is proportional to its input parameter. However, the counter-based PWM (CB-PWM) operates in the time domain, since the frequency is set via period registers, i.e., the output frequency is inversely proportional to the input parameter. The PAB-PWM, unlike the CB-PWM, also features constant frequency resolution. Operating in the frequency domain is convenient when f sw is the output variable of the controller that adjusts the power delivered to the load [5] , [6] ; besides, frequency and pulsewidth are set independently in the PAB-PWM, whereas the compare register must be changed accordingly to the period register in the CB-PWM in order to maintain D. Additionally, operating in the frequency domain is convenient when switching frequency modulation profiles are used as a spread spectrum technique to reduce conducted electromagnetic interferences (EMIs) in resonant inverters [7] . Furthermore, frequency and phase can be set independently that can be suitable when several PWM signals with the same frequency and duty cycle, which have constant phase relationships, must be generated, such as in [8] and [9] .
The PAB-PWM is an example of direct digital synthesis (DDS) that has been used in digital signal processing to generate periodic waveforms, in particular, sine, triangle, and square waves. It is also well known that this scheme produces spurs when used to generate sine waves and jitter when used to generate square waves [10] , [11] . When the PAB-PWM is used to operate an inverter in domestic IH applications, acoustic noise can be generated, which may annoy the final users and concern the manufacturers.
Acoustic noise has been extensively analyzed in the field of electric motors in the literature [12] - [17] . However, there are few articles on this subject in the field of domestic IH. Since, unlike in induction motors, the operating switching frequency is above the audible range in domestic IH systems [18] , acoustic noise is avoided operating the inverter at switching frequencies above 20 kHz using the CB-PWM [1] . Assuming that the inverters use variable-frequency control to adjust the power delivered to the load, audible noise can appear when two or more inverters connected to a common supply and sharing the same EMI filter are operated at the same time with different switching frequencies whose difference lies within the audible frequency range [19] . In order to avoid audible noise, some works [19] - [22] propose to operate the inverters with a switching frequency difference, in an absolute value, smaller than or equal to a given low frequency f L or greater than another high frequency f H according to a given threshold of audibility. The noise sources that exist in IH appliances are enumerated in [23] . In [24] , a constraint in the PDM frequency is set to suppress audio noise from experimental results.
In this paper, we analyzed the audible noise in the range of 5-20 kHz that can be generated by one half-bridge seriesresonant inverter operated with the PAB-PWM. We focus in this range because the boiling noise above 5 kHz is negligible [23] , and tonal noise in this range is very annoying, since it is a nonnatural sound. The source of acoustic noise is electromagnetic due to Lorentz forces exerted on the pot bottom that can cause the pot to vibrate producing structure-borne acoustic noise. Since this force is proportional to the inductor current squared [25] , the acoustic noise generation can be analyzed from the frequencies in the spectrum of i 2 L that lie in the audible range. The relationship between the magnitudes will depend on the pot, and it is out of the scope of this work since it will require to solve a multiphysics problem involving electromagnetic, structural, and acoustic phenomena [16] . Applying the windowing theorem [26] , the harmonics of i 2 L can be obtained from the harmonics of i L .
The spectral flatness measure (SFM) [27] will be used to quantify the noise-like or tone-like nature of the spectrum of i 2 L in the band [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . For tonal signals, the SFM is close to 0, and it is close to 1 for noise signals. Finally, two techniques [11] , [28] that have been applied in the DDS literature to reduce spurs will be applied to the PAB-PWM, and their effect in the acoustic noise will be analyzed.
The rest of this paper is organized as follows. Section II determines the PAB-PWM design parameters for this application, calculates the tone frequencies that appear at the output of the PAB-PWM, presents the noise reduction techniques applied to PAB-PWM, and analyzes the current harmonic effect on the magnetic force. Section III gives relevant simulation results. The obtained experimental results are summarized in Section IV. Finally, the main conclusions of this work are drawn in Section V.
II. PAB-PWM ANALYSIS
A conventional DDS has a phase accumulator and a phaseto-waveform converter. The phase accumulator P A has N bits; it accumulates the phase increment Δ every clock cycle and wraps around upon reaching the maximum value. Its output is a variable slope sawtooth wave that is converted to amplitude by a second block. In a PAB-PWM, the second block is a digital comparator that compares the accumulator with a reference value proportional to the duty cycle. The average switching frequency generated by the DDS is
where f CLK is the clock frequency. The smallest increment or decrement in the switching frequency Δf sw ,min is obtained by (1) with Δ = 1. In a CB-PWM, the switching frequency generated is f CLK /N C , where N C is the number of states of the free running counter. In this case, the smallest frequency increment or decrement is
A. Design Parameters
The average output power P delivered to the load considering only the fundamental harmonic and duty cycle D = 0.5 is [29] 
where P max is the maximum output power, Q is the load quality factor, f sw is the switching frequency, and f o is the resonant frequency. Let us consider the following parameters for the power inverter: P max = 3500 W, Q ∈ [1, 8] , f sw ∈ [30 kHz, 70 kHz], and f o = 30 kHz. The relative power resolution PR r is defined as
Assuming f CLK = 25 MHz, the minimum value of P A parameter N to fulfill a requirement of PR r ≤ 1% is N = 21 bits. With this parameter, the PAB-PWM frequency resolution is Δf sw ,min = 11.92 Hz, and PR r = 0.6%. With the same clock frequency, the CB-PWM achieves PR r = 2.03%. The clock frequency has to be quadrupled to achieve the same relative power resolution than the PAB-PWM. These P A parameters (f CLK = 25 MHz and N = 21) will be used in the remainder of this paper.
B. Spectrum of the PAB-PWM Output
The output spectrum of the square signal generated using the CB-PWM with D = 0.5 only contains frequency components at f sw and its odd integer multiples. Let us analyze the mechanism that makes that frequencies different from f sw and odd harmonics of f sw appear in the output spectra of the square signal generated by the PAB-PWM.
In a digital implementation, the switching period must be an integer number of clock cycles; thus, when the remainder after division of 2 N by Δ is not zero, i.e., rem(2 N , Δ) = 0 in (1), two frequencies f swH and f swL are generated
Assuming x ∈ , symbol x represents the least integer bigger than or equal to its real type argument x, and x represents the greatest integer smaller than or equal to x. According to the analysis presented in [30] , the P A begins to repeat its sequence after a number of clock cycles called the grand repetition rate (GRR):
where gcd stands for greatest common divisor. The number of accumulator overflows, N OV , that occur in the phase accumulator over the period of GRR, i.e., the number of switching periods, is [30] 
The frequencies f swH and f swL are distributed over N OV switching periods, such that the average switching frequency is given by (1) . This can be seen as a switching frequency modulation effect, and sideband harmonics are expected to appear in the spectrum of the output signal [31] . Due to the GRR periodicity, the difference between two adjacent sideband harmonics is expected to be
Let P A W (j) and f sw (j) be, respectively, the minimum P A value and the generated frequency at switching period j. P A W (j) is also the P A value after wraparound in the previous switching period. Assuming that P A W (1) = 0, the following conditions are met.
1) P A W (j) has period N OV , and P A W (N OV + 1) = 0.
, and f swH otherwise. Fig. 2 shows the P A sequence for N = 4 and Δ = 3.
Using the above equations, we have the following values: 
For duty cycle D = 0.5, the PAB-PWM output can be generated by complementing the P A most significant bit.
The values of P A W (j) are distributed such that its average value is P A W (j) = rem(2 N , Δ). When P A W (j) is plotted for 1 ≤ j ≤ N OV , some sawtooth shaped patterns appear with higher frequency than f GRR . The P A W (2) and P A W (N OV ) values are given by
The relationship between P A W (2) and P A W (N OV ) determines whether the sawtooth waveform ramps up or down. When P A W (2) < P A W (N OV ), the ramp is upwards; otherwise, it is downwards. Then, the sawtooth waveform ramps up or down at a rate of Ω:
Therefore, the sawtooth waveform has a frequency
In the example shown in Fig. 2 , P A W (2) > P A W (3); thus, the plot of P A W (j) for 1 ≤ j ≤ N OV is a sawtooth waveform that ramps down; Ω = 1, and f saw = f GRR .
The pattern in P A W (j) reflects onto the generated switching frequency, since the generated switching frequency is f swL or f swH depending on P A W (j), as explained above. Thus, when rem(2 N , Δ) = 0, the switching frequency is modulated in frequency with f m = f saw . The modulation profile is rectangular, since only two frequencies are generated, and sidebands separated by the modulation frequency f m are expected to appear on both sides of the switching frequency. Fig. 3 shows these patterns for N = 21, f CLK = 25 MHz, and three Δ values. In cases (a), (c), and (d), P A W (j) is represented over the whole range: 1 ≤ j ≤ N OV . They all have a sawtooth shaped waveform, but the period is very different from the GRR. Fig. 3(a) shows the values of P A W for Δ = 4095; using the above equations, we have f sw = 48 816 Hz, N OV = 4095, f m = 6.1 kHz, and f GRR = 11.92 Hz. Fig. 3(b) shows a zoom-in of Fig. 3(a) in order to appreciate the higher frequency patterns. Fig. 3(c) shows the case for Δ = 4788; thus, f sw = 57 077 Hz, N OV = 1197, f m = 95.37 Hz, and f GRR = 47.68 Hz. Fig. 3(d) shows the case of Δ = 2938; thus, f sw = 35024 Hz, N OV = 1469, f m = 6.91 kHz, and f GRR = 23.84 Hz. The pattern is more complex, but the higher frequency is correctly calculated by (11) . We have seen that the modulation frequency f m can be much higher than the GRR frequency f GRR . Fig. 4 shows the simulated spectrum of the square wave generated by the PAB-PWM with Δ = 4095 assuming that the output has values 1 and −1. The separation in frequency between adjacent sidebands corresponds exactly with the computed value of f m = 6.1 kHz.
C. Spur-Reduction Technique
When DDS is used to generate a sine wave, several spurreduction techniques are used in the literature to improve the spurious-free dynamic range. Two of these techniques are applied to the PAB-PWM in this paper, and their effect on the audible noise is analyzed. These techniques are as follows: the odd number and the phase dithering. The first one selects the Δ parameter to be an odd number. This technique maximizes the GRR and spreads out the spurs [11] . The GRR is increased because when Δ is an odd number, then gcd(2 N , Δ) = 1 in (6), and GRR = 2 N . The second one is the phase dithering technique [28] that is applied when the generated signal is a square waveform. It consists of adding to the nominal value of Δ a random number in the interval [−Δ, Δ] once every switching period. This technique breaks up the patterns in P A W (j), while keeping the average switching frequency unchanged.
Note that if the P A is reset after wraparound, i.e., P A W (j) = 0 ∀j, then the generated switching frequency is f swL , the constant frequency resolution is lost, and the relationship between the input parameter Δ and the output frequency becomes nonlinear, since two input parameters can give the same output frequency.
D. Effect of Current Harmonics on the Magnetic Force
The source of acoustic noise is electromagnetic due to Lorentz forces exerted on the pot that can cause the pot to vibrate producing structure-borne acoustic noise. The magnetic flux density generated by the inductor exerts a force on the pot through the induced eddy currents on its bottom. The mechanical response to this force can generate acoustic noise. The magnetic force is proportional to the inductor current squared, as shown by simulation in [25] . This force can be calculated by integrating the Lorentz force density J × B. The induced eddy current density J has only azimuthal component (J θ ), and the magnetic flux density B has radial and vertical components (B r , B z ) due to the cylindrical symmetry [32] . The cross product has radial and vertical components
Assuming that the inductor carries a sinusoidal current, and the pot material is linear, the magnetic flux density and the induced current density are proportional to the current amplitude [32] . Thus, the radial and vertical forces are proportional to the inductor current squared.
In the case of PAB-PWM, when rem(2 N , Δ) = 0, the sideband harmonics that appear in the spectrum of the output signal (the output voltage of the half bridge inverter) will also appear in the inductor current spectrum. Thus, the inductor current can be expressed as the sum of sinusoidal signals with frequencies f n,h = nf sw ± hf m . Applying the windowing theorem [26] , the harmonics of i 2 L can be obtained from the harmonics of i L . The components in i 2 L with frequencies (f n,h + f n ,h ) will lie outside the audible range since f sw is above 20 kHz. Only, the components in i 2 L with frequencies (f n,h − f n ,h ) such that n = n will produce magnetic forces with frequencies that are integer multiples of f m and can lie inside the range 5-20 kHz. In the case of the CB-PWM, no sidebands appear, h = h = 0, and all the frequencies lie outside the above audible range.
Additionally, due to the amplitude modulation of the bus voltage in Fig. 1 , the inductor current also has components at frequencies nf sw ± hf B [33] , where f B = 100 Hz (double of the mains frequency). The difference between current harmonics of the same harmonic number n will produce low-frequency bass tones that lie outside the range 5-20 kHz that we have set above. They are not taken into account in the remainder of this paper because they cannot be avoided.
III. SIMULATION RESULTS
The coupled electromagnetic, structural, and acoustic simulation of the system is out of the scope of this work. Since the electromagnetic force (proportional to the inductor current squared) and the emitted acoustic noise are expected to have the same frequency components in their spectra, only the spectral analysis of the load current will be carried out in this section. Thus, the circuit of Fig. 1 (without the EMI filter and snubber capacitors) is simulated using MATLAB/Simulink. The circuit parameters are C = 1080 nF, L = 30 μH, and R = 3 Ω. The bus voltage is an ideal full-wave rectified sinusoid with period T B = 10 ms and amplitude 325 V. The PAB-PWM with and without phase dithering and CB-PWM modulations are simulated.
The value of the inductor current is recorded during T B , and the discrete Fourier transform (DFT) is applied to get the simulated spectrum of i 2 L . The DFT frequency resolution is 100 Hz. The sampling frequency f s is equal to the clock frequency.
The SFM [27] will be used to quantify the noise-like or tonelike nature of the spectrum of i 
where i Thus, the limits K 1 and K 2 are the DFT kth indexes corresponding to 5 and 20 kHz respectively. For tonal signals, the SFM is close to 0, and it is close to 1 for noise signals. Fig. 5(a) shows the simulated spectrum of the inductor current generated by the inverter operated with the PAB-PWM and Δ = 4095 ( f sw = 48 816 Hz). Several sidebands appear on both sides of the switching frequency. The 6.1-kHz frequency difference between the sidebands, theoretically predicted in last section, will generate tones at multiples of this frequency in i 2 L . Fig. 5(b) shows the spectrum of i 2 L , where we can see three tones at multiples of 6.1 kHz in the acoustic frequency range of interest. These frequencies will also appear in the acoustic noise spectrum, as we will show in the experimental results. The magnitude of the acoustic noise at each component will depend on the pot. Moreover, the SFM is close to zero (0.0036), indicating the tonal nature of i 2 L in this frequency band. Fig. 6 shows the simulated spectrum of the inductor current generated by the inverter operated with the PAB-PWM and In the spectrum of the inductor current, no sideband harmonics appear; thus, no pure tones will appear in the spectrum of i 2 L above 5 kHz, and no tones will appear in the range where noise may be audible, as it will be shown in the next section. Fig. 7 shows the simulated normalized distribution of SFM values for switching frequencies between 30 and 70 kHz selecting Δ parameter to be an odd number. Many cases with low values of SFM appear when Δ is an odd number; then, the above example with Δ = 4095 (odd number) was not an isolated case. Thus, this technique reported in the literature [11] is not adequate to reduce the acoustic noise in this application.
Next, the phase dithering technique presented in [28] is going to be tested in this application. The PAB-PWM without and with the phase dithering technique enabled is compared with the CB-PWM, since it is known that the latter does not generate acoustic noise. The N C parameter in the CB-PWM is chosen to be N C = 2 N /Δ ; then, the CB-PWM generates switching frequency f swL . spectrum of i 2 L when it is enabled, but at the expense of increasing the noise floor. Thus, it is expected to be noisy [15] , although less annoying to the user than without dithering because of suppression of pure tones. Fig. 10 shows the experimental setup. It consists of a resonant half-bridge inverter that is fed by the rectified mains. The resonant inverter is loaded with a planar spiral inductor with an external diameter of 21 cm, and a commercial pot filled with water is placed above the inductor. The inverter and induction load parameters are summarized in Table I .
IV. EXPERIMENTAL RESULTS
The PAB-PWM and CB-PWM are implemented in a fieldprogrammable gate array (FPGA) Zynq 7020 of Xilinx. Linear feedback shift registers (LFSRs) are used to generate pseudorandom binary sequences [34] , and they can be efficiently implemented in FPGAs. The feedback coefficients are expressed as a polynomial, and if the polynomial is primitive, the LFSR generates a maximum length sequence. This primitive polynomials are listed in many books and articles [34] . The random numbers for the phase dithering technique are generated using an 18-bit LFSR, whose characteristic polynomial is The acoustic noise is measured with a calibrated MiniDSP UMIK-1 measurement microphone. It features low noise and accurate results (±1 dB) over the 20-Hz-to-20-kHz range. The inductor current during T B has been measured and digitized with an oscilloscope Tektronix MDO 3014 at a sampling frequency of 50 MS/s. The fan is switched OFF, and measures are taken before the boiling phase in order to reduce additional noise sources. The audible noise spectrum and the electric spectrum of the inductor current are measured to test the correlation between them. Fig. 11 shows the measured acoustic noise spectra generated with Δ = 4095 in three cases. Fig. 11(a) shows the spectrum with the PAB-PWM. Large tones appear in the audible noise spectrum at multiples of 6.1 kHz as calculated theoretically. Fig. 11(b) shows the spectrum with the phase dithering technique enabled; pure tones have been eliminated, but the emitted sound is louder, and it is perceived as unpleasant. Fig. 11(c) shows the spectrum when the CB-PWM is applied. This last measurement is the reference to compare with since, as it is known, it does not generate acoustic noise. Fig. 12(a) shows the measured spectrum of the inductor current in the PAB-PWM case. We can see the biggest harmonic at the switching frequency (cursor a) and that the distance between sidebands corresponds with the frequencies of the tones in the acoustic noise spectrum. Fig. 12(b) shows the measured current spectrum when the phase dithering technique is applied. There are not sidebands, but the noise floor is higher than in case (a). Fig. 12(c) shows the spectrum in the CB-PWM case. Fig. 13 shows the measured acoustic noise spectra generated with the PAB-PWM with Δ = 4788. Tones do not appear in the audible noise spectrum, as calculated theoretically; the SFM is close to 1 (0.9223).
Figs. 14 and 15 show experimental waveforms at two different power conditions, low and high, respectively. Three modulation schemes (PAB-PWM, PAB-PWM with phase dithering, and CB-PWM) are shown for each power condition. Each figure shows the following waveforms: the input voltage, the output voltage, the input current, and the load current. Zooms of these waveforms during a few switching cycles are shown at around the maximum value of the input voltage. The waveforms shown in these pictures were captured without the EMI filter and with the converter fed by a Chroma ac source model 61605. The acoustic noise measurements were taken with the converter fed by the mains in order to avoid the acoustic noise generated by the Chroma ac source. Fig. 14 shows the main converter waveforms with Δ = 5743 and the three modulation strategies. Fig. 14(a) shows the experimental waveforms with the PAB-PWM. Fig. 14(b) shows the waveforms with the PAB-PWM and phase dithering enabled. Fig. 14(c) shows the waveforms with the CB-PWM. In all three cases, f sw is around 68 kHz, the power delivered by the ac source (P i ) is 500 W, and the PF is 0.976. The values of P i and PF have been measured by the Chroma ac source. Input current distortion due to the rectifier and bus capacitor filter C B can be appreciated in the zero crossings of the mains voltage. Thus, it can be observed that given a Δ parameter (that determines the switching frequency), the input current waveforms are similar for the three modulation schemes, but not its results regarding acoustic noise. Fig. 15 shows the main converter waveforms with Δ = 3011 and the three modulation strategies. Fig. 15(a) shows the waveforms with the PAB-PWM. Fig. 15(b) shows the waveforms with the PAB-PWM and phase dithering enabled. Fig. 15(c) shows the waveforms with the CB-PWM. In all three cases, f sw is around 36 kHz, P i is 2129 W, and the PF is 0.994.
The relationship between the frequencies that appear in the acoustic noise spectrum and the distance between sidebands in the spectrum of the inductor current has been experimentally verified when the inverter is operated under the PAB-PWM. As expected, the phase dithering technique reduces the tones at the expense of increasing the noise floor that can be annoying for the user.
V. CONCLUSION
This paper compared the well-established CB-PWM with the PAB-PWM from the acoustic point of view in a domestic IH application.
1) The PAB-PWM technique can produce annoying acoustic tones when rem(2 N , Δ) = 0 because the switching frequency is modulated in frequency. The modulation profile is rectangular, since only two frequencies are generated.
2) The theoretical analysis of the frequency components generated by the PAB-PWM yields to an equation, (11) , that allows us to predict the highest modulation frequency f m from the phase accumulator parameters and then the frequencies of the generated acoustic tones. The frequency of these tones can be much higher than the GRR frequency f GRR . 3) The SFM of i 2 L in the frequency range of interest has revealed to be a good merit figure to detect at which frequencies, the PAB-PWM generates acoustic noise. 4) It has been shown that the technique of selecting Δ an odd number, that is reported in the DDS literature as a spur-reduction technique, is not adequate to reduce the acoustic noise in this application. 5) Although the PAB-PWM technique has several advantages over the CB-PWM, the latter outperforms the acoustic behavior of the former. In order to use the PAB-PWM in domestic IH applications, other noise reduction techniques should be investigated, since increasing the audible noise emissions of an appliance is not a satisfactory result for manufacturers. All theoretical results were experimentally verified by acoustic noise measurements in a domestic IH prototype.
